NEW ENGLAND ASSOCIATION OF MATHEMATICS LEAGUES

NEW ENGLAND PLAYOFFS - 2012 - SOLUTIONS

‘Round 1 Arithmetic and Number Theory

36 11
] 99 9 _44
7 7

99

2.  For the sum of the digits to be a perfect square, since 2 and 0 are fixed, the only possible
squares are 4, 9, and 16. Therefore, the sum of the last 2 its must be 2, 7, or 14. There are 3

possibilities for 2, 8 for 7, and 5 for 14, giving a total of [16].
The years are: 2002, 2011, 2020 | 2007, 2016, 2025, 2034, 2043, 2052, 2061, 2070 | 2059,

2068, 2077, 2086, 2095.

3. He'll have to change each of the numbers from 160 to 169 by replacing the 6 with a 7. He'll
change each of the numbers from 170 to 179 by replacing the 7 with an 8 and each of the
numbers from 180 to 189 by replacing each 8 with a 9. That makes for 30 changes. Then he'll
change the numbers from 190 to 199 to 200 to 209. That's 20 changes. To change the
numbers from 200 to 209 to 210 to 219 he'll replace the middle O with a 1. To change 210 to
219 to 220 to 229 he'll replace the middle 1 with a 2. That makes for 20 changes. Finally,
he'll change 220 to 230 for 1 change. Total: 30 +20+20+1 = [71]

Round 2 Algebra 1

. . 5V(3 15
1.  Let xbe his salary before the raise. Then x(Z) (Z) 16x So his latest salary is one-

. C . 1
sixteenth less than his original salary, a reduction of —l—é—of 100% or [6.25% .

2. Notethat 9x + 6x—1 =0 canbe writtenas (3x)* —2(3x)-1=0. Thus,if x =a isa

solution to x% + 2x — 1 = 0, then 3x = a will give x = 3 as a solution to 9x% + 6x -1 = 0

2
for the

.1 . . L.
. The ratio is 3 or 1: 3| Orone could just solve both equations, obtaining

first equation and —1+ V2 for the second giving a ratio of 1 : 3.
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s . . . 3 3 . '
Dividing equation (2) by equation (1) gives LA, 5 —>Cc= -—261 . Note that this tells us that ¢
a

> a, s0 we must choose between b and c. Substituting for ¢ into ac = 135 gives

0
3 a* = 135 > o2 =90 - a = 310 Thenc_g Oandfromb:lo—-weobtain
a

1 100 10 10 9
b =100- \/ . Thus, the largest is |—+/10|.
3710 3410 10 gestisy

Round 3 - Geometry

1.

NE NMeaat N1

Draw CD parallel to the base of the pentagon; Since

mZE =108, then m«/DCE = 72. Since CD is parallel to
the base of the triangle, m~ZBCD = 60, making

mZFCB = 48 . Since angle ABC is an exterior angle of
triangle BFC it equals m ZFCB + m£F = 48 + 108 = (156,

Alternate Approach: Since the base angle of the equilateral
triangle measures 60 and the exterior angle of the pentagon at
E measures 72, the small angle at C measures 48.

Let (P4, AB, PC,CD)=(a,b,c,d) The secant relationship tells us that a(a + b) = ¢(c + d)

or &’ —¢* = cd — ab . Examining possible squares and pair-products of the available
numbers (25, 36, 49, 64) and (30, 35, 40, 42, 48, 56), we see that only common difference
is 13 =49 - 36 = 48 — 35 Thus, we have (a,b,c,d)=(7,5,6,8)and 7(7 +5) = 6(6 + 8),

s0AB =[5 or 8]

From EF = 9—%‘—45, we have 29-21—413 > AB — DC > 3(4B). If DC = 34B then
4AB = 48 — AB =12 and DC = 36. Thus, 1 < AB < 11, so there are [11] ordered pairs.
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Round 4 — Algebra 2

1.  Since log,9=n,then log, 3= 121 similarly, since log, 125 = p, then log, 5 = g

23 50 ' R 2 3
log, 1-57—=logb 5:7‘:10?51, 50 -log, 27 =log, 2 +2log, 5~3log, 3= m+§p—5n=
6m+4p-%n
—

2. The given equation can be written as (x +8)* + 5(x +8)” 14 = 0 which factors as

2
[(x +8)2 +7J° I(X +8) —2]:'0. Obviously, the first factor leads to complex roots. From the
second factor the real roots are — 8 + +/2 and —8 — +/2 . Subtracting and taking the absolute
value produces 2+/2 .

3. Let b be the first term in the sequence and let r be the common ratio. ‘Then the roots are
b, br, and br? . From the relationship between the roots and coefficients we have
b+ br+br* = a, b(br) + b(br*) + (br - br*) = na, and b - br - br* = b3 = k. From
b(br) + b(br2) + (br - brz) = na, we obtain bré) + br + br? ): na which simplifies to

abr = na - br = n provided a#0. Thus, mk=(br)(br)’ = (br)* =n* . So, as long as br
and » don't equal 1, then [z = 4],

Round S — Analytic Geometry

1. The graph of 2x — 7y =14 has intercepts at (7, 0) and (0, —-2), therefore (7, 0) is an
end of the major axis and (0, —2) is an end of the minor axis of the ellipse. That
makes a =7 and b =2 which makes ¢ = 3v2 . ".a—c=7-345.

(6b+1)-(36+2) 3b-1
(5a+2)-(2a+1) 3a+1

@®b)-(6b+1)  2b-1
Ba+3)-(a+2) 3a+1

. The slope of NP is

2. The slope of MN is

. Setting the slopes equal we have 36 -1 = 2b -1,

. The largest value occurs

making b = 0. The slope of the line is therefore

.. 1
when a = -1, giving an answer of .
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3. Let BC - 2p , then since E is the midpoint of 4B, EB = P
,and FC = p\/§ . The coordinates of B are therefore A 77 B
(p, p\/—3—) Thus pr— = ap2 + k. Since D = (-2p,0) also 2p
lies on the parabola, 0 = a(-2 p)2 + k. Subtracting the first ~p C

from the second cancels the k's and gives — p\/— = 3‘ap2 )

3
Thus ap = —-—}_3—, solap = ~—\/3—_—.

Round 6 — Trig and Complex Numbers
1. The least positive value of y = secx is 1, so the least positive value of 4is 5-1-2 =3,

_ /4 . \/5 T T T T
Tan™y3==and Cos™ —==; Z+= ="
3 2 63 6 2
sin5Sxcosx + cosSxsiny sin 6x
- - = — = 0. Thus,
sinxcosx sinx cosx

2.  Adding we have

6x =0+ 7k —> x = O+%k. For k = 0 to 11 we have solutions in {0,27). -

That's a total of 12 solutions. But since the denominator can't equal zero, we
eliminate those values of & that give multiples of =/2, namely £ = 0, 3, 6, and
9. Answer: ‘

3. 2sinxcosx = 2k —> sin2x = 2k —» sin? 2x = ak* .
. 2
—-cos4x 1-(1- , . . . 1
! c2()s X ( ism 2%) = sin®2x . Thus, k& = 4k2, giving [k = ik
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Team Round

1

Put B in the first position. Then any one of 5 letters goes in the second, any one of 4 in the
third and so on giving 5! = 120 possibilities. Now put B in any other position besides the last.
Then C, D, E, or F can go in the first position—4 choices. B can go in the 2nd, 3rd, 4th, or
5th. So we have 4 choices for B. For each choice of B, there are 4! arrangements of the
remaining 4 letters; so, 4 - 4 - 4! = 384 . Total: .

It helps to know that the areas form a geometric sequence and that II' = III. Thus, we seek
integers such that (/7 )2 = 256 - I . Note that / must be a perfect square. Here are a couple of
candidates for the areas and their sums:

1-16-16-256 289 4-32-32-256 324
9-48-48-256 361 16-64-64-256 400

Since I must be an integer and a perfect square, it is clear that the largest area will occur when
I =152, giving 225-240-240-256 and a sum of [961]

Alternate Solution:

AABE ~ ACDE, so their areas are in an ¢’ : b* ratio a B

and, as corresponding sides, BE: DE=a : b !

Since AADE and AABE share the same altitude E

from A, their areas are in the same ratio as their v G

bases. Similarly, for ABAE and ABCE. D c
2 b

Thus, the area of Al is _cb_z_z__ 256

a2

area(l) _a_, e
area(ll) b /4

256 a a
= z:> area of All is —b—-256 )

Interestingly, the area of Alll is also % 256.

2 2 2
Therefore, the area trapezoid ABCD is [1 + 2—;—:— + Zz J256 o 256(1 + %) or 256(%2) )

To maximize the area we want the “fudge factor” to be as large as possible while maintaining
integer areas for all four triangles. Thus, the largest possible value of  is 16 and, since we
were given a < b, we take a to be 15.

The areas of (I, I1, IIT) are (225, 240, 240), resulting in a total area of .

NFE NMaat 27019 AN Calntinne



3. Thetotal area of the cylinder is 227k + 2712 . The total area of the pipe is the outside lateral
area plus the inside lateral area plus the area of the rings on the top and bottom. Let x be the

internal radius. The pipe's area can be written as 2zrh + 27xh + 2(7172 - mx? ) Setting the

two areas equal gives 2zrh + 2mr? = 27rh + 2mxh + 2(7zr2 — 7x? ) which simplifies to

0 =2zxh-271x> > x> =xh—> x=h. Soas long as the external radius is greater than the
height, then if a hole is drilled through a cylinder with radius equal to the height, the total
surface area of the cylinder will equal the total surface area of the pipe. Thus, the answer is

r>12]

4.  Since multiplying a point in the complex 4 4,
plane by 1 + i rotates the point by 45° !
counterclockwise and increases the y
distance of the point from the origin by a 3
factor of +/2, dividing by 1+ i should 4
rotate by 45° in a clockwise manner and | q
reduce the distance from the origin by a A/

5

factor of the reciprocal of +/2 . Thus we

see the points rotate around the plane as shown in the diagram at the right. Let O represent the
origin. In triangle 4,4,0, 4,0 = 22 while 4,4, = 4,0 = 2, so the area of 4,4,0 is 2.
Each successive triangle is similar to the original and since the scale factor in going from one

triangle to the next smaller triangle is 715— , the smaller triangle has half the area. The area of

25
64 |

. 1
the figure is therefore 2+1+——+---+~1— =138 or
2 64 64

Qabatinne
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6.
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To minimize N, we assume the prime factorization of N contains only factors of 2, 3 and/or 5.
Try N =2" anumber with m + 1 factors. Then 2" .12 = 2™*2 .3 has (m+3)2 factors. Then
2(m +3)=3(m+1)= m =3 and the number 2*> = 8 would solve the problem, but it is too small.

Try N =3" Then: 3" 12 = 3122 and we require that (m +2)3 = 3(m + 1) and there is no
solution. Try N =2"-3" Tpen: 2™ -3" .12 = 2"*2 .3+l . and we require that
(m+3)n+2)=3(m+1)(n+1), giving 2mn+m-3=0=>m2n+1)=3. Thus, m=n=1
making 2™ - 3" = 6 and that is too small. Try N '"-(2m ‘5) Then: (2’" -5)~ 12=2"7.3.5 and

we require that (m+3)-2-2=3(m+1)20r4m + 12=6m + 6 =>m = 3, making 2" -5 = 40.

Note: 40 has 4(2) = 8 factors and 40-12 = 2°-3-5 =480 has 6(2)(2) = 24 factors, 3 times as many!

Finally, we try N =2-3-5 =30 which has 2* = 8 factors. Then: 2-3-5-12= 23.32.5.
It has 4-3-2 =24 factors. Since this is less than 40 and no other product of three primes can be

less than 30, we have our answer, namely :

0.212121.., :—32—+—3}5—+ 2 +~}~+--- = (£+ 2 +) + (~l—+~}—+j

3* 3t 303 32 3¢
[ 3 Vo Jf ) 1 9 1 9 7
This simplifies to 2L 3( J+l 3(3 = [-3- §j +(9 .8.j - 3
1- l)2 1- 1)2
3
- — a a b b b
Slmllarly,absz(—+—5—3—+g—5- j (?+§4_+_5? J =
1 .
[ % ) ( 52 ) Sa+b . Sa+b T .
a| —=5 + b T = . Setting = — gives Sa + b = 21.
- =5 - = 24 24 8
52 52

Then @ = 4 and b = 1 making the answer (4, 1).

Alternate solution:
Let N, =0.21: Multiply the right side by 1003, and the left side by the equivalent base

10 value, namely 9. This givesus 9N, = 21.21s. Subtracting, 8N w=21=7,or

N= . Similarly, if M, = 0.ab¢,, multiplying by 100s) and subtracting gives us

7

5a+b' Equating, -5%%2:565a+b:21.

=5a+b or M =

24M any = ab(s)

Since a and b are digits in base 5, we are limited to {0,1,2,3,4} and only (a, ) =
gives us 21.
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